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Abstract
Recently it is found that, due to Weyl anomaly, an external magnetic field can induce
anomalous currents near a boundary. In this note, we study anomalous currents for
complex scalars and Dirac fields in general dimensions. We develop a perturbation method
to calculate Green’s function in the spacetime with boundaries. By applying this method,
we obtain anomalous currents up to the linear order of magnetic fields in a half space
and in a strip. To the best of our knowledge, the results for Dirac fermions and for strips
are new. It is remarkable that, unlike the scalars and holographic BCFT, the anomalous
currents of Dirac fields are independent of boundary conditions in general dimensions.
Besides, the currents of Dirac fields are always larger than those of complex scalars.
Finally, we find an exact formal expression of the anomalous current in a half space. The
result is expressed in momentum integrals, which can be evaluated numerically. We find
that the mass suppresses the anomalous currents as expected.
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1 Introduction
The anomaly-induced transport is an important phenomenon, which has a wide range of ap-
plications [1]. The well-known examples include chiral magnetic effect (CME) [2–6] and chiral
vortical effect (CVE) [7–13], which refer to the generation of currents due to an external mag-
netic field and the rotational motion in the charged fluid, respectively. It is interesting that
the CME current is topologically protected and hence non-dissipative [1]. Similar to chiral
anomaly, Weyl anomaly [14] can also induce anomalous currents in an external electromag-
netic field [15–18]. See [19–26] for related works. It is remarkable that a similar mechanism
leads to novel Fermi condensations when a background scalar field is turned on [27]. The
scalar field can either be the Higgs field in a fundamental theory or the phonon in condensed
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matter system.
On the other hand, the boundary effect of quantum field theory is another interesting
phenomenon. Famous examples include Casimir effect [28–30] and topological insulator [31].
Recently, much attention has been drawn on boundary conformal field theory (BCFT) [32,33]
and its holographic dual (AdS/BCFT) [34] . Please see [19–22,35–57] for some of recent de-
velopments. It is interesting that a-Type anomalies of BCFT/ dCFT can depend on marginal
couplings [57].
Weyl anomaly measures the breaking of scaling symmetry of CFT/BCFT due to quantum
effects [14]. It is closely related to the UV Logarithmic divergent term of effective action
[17,21]. As a result, one can derive a key relation [17]
(δA)∂M =
(∫
M
√
|g| < Jµ > δAµ
)
log 
, (1)
between the renormalized current < Jµ > and the boundary part of the variation of the Weyl
anomaly A. Here Aµ is the gauge field and  denotes the cutoff of the theory. By applying
(1), [17, 18] find that, due to the Weyl anomaly,
A =
∫
M
√
|g| β
2
FµνFµν , (2)
an external electromagnetic field can induce an universal current
< Jµ >=
−2βFµνnν
x
+ ..., x ∼ 0, (3)
near the boundary, where β is the beta function, Fµν are the field strength, x is the proper
distance to the boundary, ni are the normal vectors and ... denote higher order terms in
O(x). Note that there are boundary contributions to the current, which can cancel the ‘bulk’
divergence of (3) and make finite the total current [17] . It is remarkable that the leading term
of anomalous current (3) is universal in four dimensions. It is independent of the boundary
conditions (BC), the temperature and the details of theories. What is more, it applies to
not only conformal field theory but also the general quantum field theory [17]. In higher
dimensions, the anomalous current is expected to take the following form [17]
< Jµd >=
bd F
µνnν
xd−3
+ ..., x ∼ 0, (4)
where bd are central charges of Weyl anomaly and d denote the dimensions. Note that bd
depend on boundary conditions in dimensions other than four.
In this paper, we investigate the anomalous current in a spacetime with a boundary. The
previous works [17, 18] mainly discuss the general characteristics of anomalous currents. In
particular, they focus on the region close to the boundary. In this note, we study more specific
examples such as complex scalars and Dirac fermions, and try to explore the anomalous
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current in the full region of the system. By applying Green’s function method, we derive
the anomalous currents for free theories up to the linear order of external magnetic field in
a half space and in a strip. Our results agree with the work of [58] for complex scalars in
a half space. To the best of our knowledge, the anomalous currents for Dirac fermions and
for strips are new. Our results are exact in the the size of strip, hence works well in the
full region of a strip. We also obtain an exact formal expression of the anomalous current
for complex scalars in a half space. The formal formula is expressed in momentum integrals,
which can be evaluated numerically. Let us summarize the properties of anomalous currents
for free theories below.
1. Unlike the holographic BCFT [18] and complex scalars, the anomalous currents of
Dirac fields are independent of BCs in general dimensions.
2. The anomalous currents of complex scalars have different signs for Dirichlet boundary
condition (DBC) and Neumann boundary condition (NBC) in dimensions higher than four.
See Figure. 2 for example.
3. The anomalous currents of Dirac fields are larger than those of complex scalars in four
dimensions. See Figure. 3 for example.
4. The mass suppresses the anomalous current and the current approaches zero far aways
from the boundary. See Figure. 5 for example.
The paper is organized as follows. In sect. 2, we develop a perturbation method to
calculate Green’s function. Our method includes only bulk integral, which is slightly different
from that of [59,60]. In sect. 3, by applying the perturbation method, we derive the anomalous
currents for complex scalar and Dirac field in a half space in general dimensions. In sect. 4,
we study the anomalous current in a strip. In sect. 5, we obtain a formal expression of the
anomalous current in a half space. Finally, we conclude with discussions in sect. 6. We use
conventions of [61] and the signature of metric is (1,−1, ...,−1).
2 Green’s Function
Green’s function is a powerful tool to calculate expectation value of stress-energy tensors
and currents near a boundary [59, 60]. Usually, Green’s function is expressed as a boundary
integral for BCFT [59, 60]. Here we develop a slightly different approach where Green’s
function includes only bulk integrals. Our approach has the advantage that the nth term of
series of Green’s function is of order O(Bn)
G =
∞∑
n=0
Gn, Gn ∼ O(Bn) (5)
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where B denote the magnetic field or other perturbation parameters. As a result, to derive
the leading term of anomalous currents of O(B), we only need to calculate one term G1 in
the Green’s function. To illustrate our approach, let us take complex scalars and Dirac fields
as examples below.
2.1 Complex scalar
Let us start with the action of free complex scalars in a curved spacetime
I =
∫
M
dxd
√
|g|Dνφ(Dνφ)∗, (6)
where d is the dimension of spacetime and Dµ = ∇µ − ieAµ is the covariant derivative. For
simplicity, we set e = 1 in this paper. The Green function satisfies equation of motion (EOM)
DµDµG(x, x
′) = (∇µ∇µ + E)G(x, x′) = δ(x, x′), (7)
where we take E = (−2iAµ∇µ − i∇µAµ − AµAµ) as perturbations. One can impose either
DBC
G(x, x′)|∂M = 0, (8)
or NBC
DnG(x, x
′)|∂M = 0, (9)
on the boundary ∂M . Here n denotes the normal direction.
We split Green’s function into the background G0 and a correction Gc
G = G0 +Gc, (10)
where G0 obeys EOM
∇µ∇µG0(x, x′) = δ(x, x′), (11)
together with either DBC
G0|∂M = 0, (12)
or NBC
∇nG0|∂M = 0. (13)
Applying Green’s formula, we have∫
M
dxd
√
|g|
[
Gc(x
′, x)DµDµG(x, x′′)−Gc(x′, x)←−D∗µ←−D∗µG(x, x′′)
]
4
=∫
∂M
dyd−1
√
|h|
[
Gc(x
′, x)DnG(x, x′′)−Gc(x′, x)←−D∗nG(x, x′′)
]
(14)
where
←−
D∗µ =
←−∇µ + iAµ means acting on the left. We choose the gauge An = 0 so that
Dn = D
∗
n = ∇n on the boundary. Imposing either DBC (8, 12) or NBC (9, 13), we find that
the boundary terms of (14) vanish. From EOM (7, 11), we derive
Gc(x
′, x)
←−
D∗µ
←−
D∗µ = −G0(x′, x)
←−
E ∗, (15)
where
←−
E ∗ = (2i
←−∇µAµ + i∇µAµ −AµAµ). (16)
Substituting (7) and (15) into (14) and noting that the boundary terms vanishing due to
BCs, we obtain a key formula
Gc(x
′, x′′) = −
∫
M
dxd
√
|g|
[
G0(x
′, x)
←−
E ∗(x)G(x, x′′)
]
. (17)
Unlike [59,60], there are only bulk integrals in Gc. From (17), we can calculate Gc perturba-
tively
Gc(x
′, x′′) = −
∫
M
dxd
√
|g|G0(x′, x)←−E ∗(x)G0(x, x′′)
+
∫
M
dxd
√
|g|
∫
M1
dxd1
√
|g1|G0(x′, x)←−E ∗(x)G0(x, x1)←−E ∗(x1)G0(x1, x′′)
+... (18)
where the nth line of (18) is of oder O(En).
2.2 Dirac field
Now let us turn to study Green’s function of Dirac fields. The action of free Dirac fields in a
curved spacetime is given by
I =
∫
M
dxd
√
|g|Ψ¯iγµDµΨ, (19)
where Ψ¯ = Ψ+γ0 and Dµ = ∇µ − iAµ. Green’s function obeys EOM
iγµDµS(x, x
′) = δ(x, x′), (20)
where δ(x, x′) = δd(x− x′)/√|g|. We impose bag boundary condition (BBC)
Π−S(x, x′)|∂M = 0, (21)
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where Π± = (1± χ)/2 are projection operators and χ satisfy [33]
χγn = −γnχ¯, χγa = γaχ¯, χ2 = χ¯2 = 1, (22)
where χ¯ = γ0χ+γ0 and n (a) denote the normal (tangent) directions. From BBC (21,22), we
can derive
S(x′′, x)γnS(x, x′)|∂M = 0. (23)
We split Green function into a background S0 and a correction Sc
S = S0 + Sc, (24)
where S0 obeys EOM
iγµ∇µS0(x, x′) = δ(x, x′), (25)
together with BBC
Π−S0(x, x′)|∂M = 0. (26)
From (21,22,26), we have
SA(x
′′, x)γnSB(x, x′)|∂M = 0. (27)
where SA,B denote S, S0, Sc.
Applying Green’s formula for Dirac fields, we have∫
M
dxd
√
|g|
[
Sc(x
′, x)iγµ(
−→∇µ − iAµ)S(x, x′′) + Sc(x′, x)iγµ(←−∇µ + iAµ)S(x, x′′)
]
=
∫
∂M
dxd−1
√
|h|
[
Sc(x
′, x)iγnS(x, x′′)
]
. (28)
Note that the boundary term of (28) vanishes due to (27). Applying EOM (20, 25), we derive
Sc(x
′, x)iγµ(
←−∇µ + iAµ) = S0(x′, x)γµAµ (29)
Now (28) can be simplified as
Sc(x
′, x′′) = −
∫
M
dxd
√
|g|
[
S0(x
′, x)γµ(x)Aµ(x)S(x, x′′)
]
. (30)
From (30), we can calculate Sc perturbatively
Sc(x
′, x′′) = −
∫
M
dxd
√
|g|S0(x′, x)γµAµ(x)S0(x, x′′)
+
∫
M
dxd
√
|g|
∫
M1
dxd1
√
|g1|S0(x′, x)γµ(x)Aµ(x)S0(x, x1)γµ(x1)Aµ(x1)S0(x1, x′′)
+ ... (31)
where the nth line of (31) is of oder O(An).
Now we finish the perturbative derivations of Green’s function for complex scalars (18)
and Dirac fields (31).
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3 Current in a half space
In this section we calculate the anomalous current for complex scalars and Dirac fields in a
half space. For simplicity, we focus on the half space x ≥ 0 with a constant magnetic field
parallel to the boundary. We have xµ = (t, x, ya) = (t, x, y1, ..., yd−2), Aµ = (0, 0, Bx, 0, ..., 0)
and gµν = ηµν = diag(1,−1, ....,−1).
3.1 Complex scalar
Green’s function of the complex scalar is given by [59]
G(x, x′) = i < Tφ(x)φ∗(x′) > (32)
where T is the time-ordering symbol. The non-renormalized current is defined by
Jˆµ(x) =
δIeff√|g|δAµ = limx′→x(Dµ −D∗µ′)G(x, x′) (33)
which is divergent generally. Here Ieff denotes the effective action. To get the renormalized
current Jµ, one should subtract the reference current without boundaries
Jµ(x) = lim
x′→x
(Dµ −D∗µ′)
(
G(x, x′)− G¯(x, x′)) , (34)
where G¯ is reference Green’s function in the spacetime without boundaries. By using (18),
we can obtain G and G¯ as
G(x′, x′′) = G0(x′, x′′) + 2iB
∫ ∞
0
dx
∫ ∞
−∞
dtdyd−2G0(x′, x)x
←−
∂ y1G0(x, x
′′) +O(B2), (35)
G¯(x′, x′′) = G¯0(x′, x′′) + 2iB
∫ ∞
−∞
dx
∫ ∞
−∞
dtdyd−2G¯0(x′, x)x
←−
∂ y1G¯0(x, x
′′) +O(B2). (36)
Note that the integral regions of x are different for G and G¯. Here G0 and G¯0 are Green’s
functions without external magnetic fields
G0(x
′, x′′) =
Γ
(
d
2 − 1
)
4pid/2
( i
[(x′ − x′′)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d−2
2
+χ
i
[(x′ + x′′)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d−2
2
)
, (37)
G¯0(x
′, x′′) =
Γ
(
d
2 − 1
)
4pid/2
i
[(x′ − x′′)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d−2
2
, (38)
where χ = −1 for DBC and χ = 1 for NBC. One can check that G0 (37) satisfy EOM (11)
and BCs (12,13).
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To do the integral along t, it is more convenient to perform the Wick rotation t = −itE .
Substituting (35-38) into (34) and performing the Wick rotation, we get
Jy1 = χ 2
1−dpi−
d
2 Γ
(
d
2
− 1
)
Bx3−d +B
∫ ∞
0
dx′
∫ ∞
0
dr(f1 + χ f2) +O(B
2), (39)
where
f1 =
(2− d)rd−2Γ (d2 − 1)2 x′ ((d− 3)r2 + (d− 1)(x+ x′)2)
4pi
1
2
(d+1)Γ
(
d+1
2
) (
r2 + (x′ + x)2
)d (40)
f2 =
x′(2− d)pi− d2− 12 rd−2Γ (d2 − 1)2
4Γ
(
d+1
2
) (
r2 + (x− x′)2
) d
2
+1 (
r2 + (x′ + x)2
) d
2
+1
[
(d− 3)r6 + (3d− 7)r4 (x2 + x′2)
+r2
(
(3d− 5)x4 + (3d− 5)x′4 + 2(1− 3d)x2x′2)+ (d− 1) (x2 − x′2)2 (x2 + x′2) ] (41)
Here r2 = y2a + t
2
E , χ
2 = 1 and we have performed angle integrals above. After the radial
integration, we get
∫ ∞
0
dr(f1 + χf2) =

22−dpi−
d
2 Γ( d2 )x
′((x′)d−1+χ(x′+x)d−1)
(1−d)(x′)d−1(x′+x)d−1 , x
′ > x
22−dpi−
d
2 Γ( d2 )x
′(xd−1+χ(x′+x)d−1)
(1−d)xd−1(x′+x)d−1 , x
′ < x.
(42)
Note that the integrals are different for x′ > x and x′ < x. Substituting (42) into (39) and
integrating along x′, we finally obtain the anomalous current
Jy1 =
pi−
d
2 Γ
(
d
2 − 1
)
2d(d− 3)(1− d)
(
2− (d− 4)(d− 1)χ
) B
xd−3
+O(B2), (43)
which agree with results of [58] derived by the heat-kernel method. Recall that χ = 1
(χ = −1) for NBC (DBC). The other components of currents vanish. Some comments are
in order. First, the anomalous current depends on BCs and have different sign for different
BCs in dimensions other than four. Second, it is remarkable that the current is independent
of BC in four dimensions
Jµ4d = δ
µ
y1
B
24pi2x
+O(B2), (44)
which agrees with the result (3) [17, 18]. Note that Jy1 = −Jy1 in our conventions. Third,
in the above calculations, we have assumed d > 3. After the analytical extension, the result
(43) works well for DBC in two and three dimensions. However, this is not the case for NBC.
In dimensions lower than four, we have
Jµ2d = δ
µ
y1
{
Bx
2pi +O(B
2), DBC
2Bx
pi(2−d) +
Bx(4 log(x)+2γ−1+log(16pi2))
2pi +O
(
d− 2, B2) , NBC, (45)
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Jµ3d = δ
µ
y1

B
16pi +O(B
2), DBC
B
4pi(d−3) −
B(4 log(x)+3+log(16pi2)−2ψ(0)( 12))
16pi +O
(
d− 3, B2) , NBC, (46)
where γ is Euler Gamma function and ψ is the PolyGamma function. One may regularize
the currents for NBC by
Jµ2d = lim→0
Jµ(d = 2 + ) + Jµ(d = 2− )
2
(47)
Jµ3d = lim→0
Jµ(d = 3 + ) + Jµ(d = 3− )
2
. (48)
In this way, the divergences of (45,46) cancel and we get finite currents for NBC in two and
three dimensions. We leave a careful discussion of the lower-dimensional currents to future
work.
3.2 Dirac field
Let us go on to discuss the anomalous current for Dirac field. Similarly, we have Aµ =
(0, 0, Bx, 0, ..., 0). Without loss of generality, we choose the chiral bag boundary condition [63]
Π−Ψ|∂M = 1 + ie
iθγ5γn
2
Ψ|∂M = 0, (49)
where θ is a constant and n denotes the normal direction, i.e., γn = γ1. Equivalently, we
have chosen
χ = −ieiθγ5γn. (50)
One can check that it satisfies the conditions (22). Note that (49) reduces to the usual
bag boundary condition when θ = 0, pi. Note also that since γ5 is not well defined in odd
dimensions, we set θ = 0, pi so that the boundary condition (49) becomes (1± iγn)Ψ|∂M = 0
in odd dimensions.
The Feynman Green function of Dirac field is given by [61]
S(x, x′) = −i < TΨ(x)Ψ¯(x′) >, (51)
from which one can derive the current
Jµ = −i lim
x′→x
Tr
[
γµ
(
S(x, x′)− S¯(x, x′)) ], (52)
where we have subtracted the reference Green function S¯ without boundaries. From the key
formula (31), we get
S(x′, x′′) = S0(x′, x′′)−B
∫ ∞
0
dx
∫ ∞
−∞
dtdyd−2S0(x′, x)γ2xS0(x, x′′) +O(B2), (53)
9
S¯(x′, x′′) = S¯0(x′, x′′)−B
∫ ∞
−∞
dx
∫ ∞
−∞
dtdyd−2S¯0(x′, x)γ2xS¯0(x, x′′) +O(B2). (54)
where γ2 = γy1 and
S0(x
′, x′′) =
(d− 2)Γ (d−22 )
4pi
d
2
(γ0(t′ − t′′)− γ1(x′ − x′′)− γa(y′a − y′′a)
[(x′ − x′′)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d
2
+χ.
γ0(t′ − t′′)− γ1(−x′ − x′′)− γa(y′a − y′′a)
[(x′ + x′′)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d
2
)
,
(55)
S¯0(x
′, x′′) =
(d− 2)Γ (d−22 )
4pi
d
2
γ0(t′ − t′′)− γ1(x′ − x′′)− γa(y′a − y′′a)
[(x′ − x′′)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d
2
. (56)
Substituting (53-56) into (52) and performing Wick rotation, we derive
Jy1 = B
∫ ∞
0
dx′
∫ ∞
0
dr
rd−2Γ
(
d
2
)2
x′2[
d
2 ]−1
(
(d− 3)r2 + (d− 1) (x′ + x)2
)
pi
d+1
2 Γ
(
d+1
2
) (
r2 + (x′ + x)2
)d +O(B2), (57)
where [ ] denotes the integer part. After the integrals along x′ and r, we obtain the anomalous
current in a half space for Dirac fields
Jµ = δµy1
pi−
d
2 Γ
(
d
2
)
2[
d
2 ]−d+1
(d− 3)(d− 1)
B
xd−3
+O(B2). (58)
To the best of our knowledge, this result is new. It is remarkable that the leading term
of current (58) is independent of choices of BCs (49), that different chiral angles θ yield
the same current. This is quite different from the currents of complex scalars (43) and
holographic BCFT [18] which depend on BCs. To end this section, let us list the currents for
Dirac fermions (58) in four dimensions
Jµ4d = δ
µ
y1
B
6pi2x
+O(B2), (59)
in two dimensions
Jµ2d = −δµy1
Bx
pi
+O(B2), (60)
and in three dimensions
Jµ3d = δ
µ
y1
( B
8pi(d− 3) −
B
(
2 log(x) + 1 + log(2pi)− ψ(0) (32))
16pi
)
+O
(
(d− 3)1, B2) . (61)
It is interesting that (58) works well in two dimensions. Note that since there is no magnetic
field in two dimensions, B should be understood as electric field and Jy12d should be understood
as charge density in (60). Similar to the case of scalar, the formula (58) does not work well
in three dimensions. One can regularize the 3d current in the same way as (48). We leave a
careful study of the 3d current to future work.
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4 Current in a strip
We have investigated the anomalous current in a half space 0 ≤ x. Now let us go on to
study the anomalous current in a strip 0 ≤ x ≤ L. For simplicity, we mainly focus on four
dimensions in this section.
4.1 Complex scalar
Let us first discuss the complex scalar. The approach is similar to that of sect. 3.1. Applying
(18), we get Green’s function
G(x′, x′′) = G0(x′, x′′) + 2iB
∫ L
0
dx
∫ ∞
−∞
dtdyd−2G0(x′, x)x
←−
∂ y1G0(x, x
′′) +O(B2), (62)
with the background one
G0(x
′, x′′) =
Γ
(
d
2 − 1
)
4pid/2
∞∑
m=−∞
( i
[(x′ − x′′ + 2Lm)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d−2
2
+χ
i
[(x′ + x′′ + 2Lm)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d−2
2
)
, (63)
which can be derived by the mirror method. Note that there are infinite images for two parallel
mirrors, and each image corresponds to one m of (63). The reference Green’s functions are
still given by (36,38). To simplify the deduction, we rewrite the reference Green’s function
(36) as
G¯(x′, x′′) = G¯0(x′, x′′) +O(B2)
+2iB
∞∑
m=−∞
∫ L
0
dx
∫ ∞
−∞
dtdyd−2G¯0(x′, x+mL)(x+mL)
←−
∂ y1G¯0(x+mL, x
′′), (64)
where G¯0 is given by (38). Now let us focus on four dimensions d = 4. Substituting (62,63,
64) into (34) and performing Wick rotation, we get
Jy1 =
∑
m¯ 6=0
Bx
8pi2m¯2L2
+
∞∑
m=−∞
χBx
8pi2(Lm+ x)2
+B
∫ L
0
dx′
∫ ∞
0
dr (g1 + g2) +O(B
2), (65)
where
g1 =
∞∑
m=−∞
r2 (Lm+ x′)
(
3 (Lm+ x′ − x)2 + r2
)
3pi3
(
(Lm+ x′ − x)2 + r2
)4 (66)
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g2 =
r2x′
3pi3
∞∑
m1,m2=−∞
[
− 2r2
(
χ(
A21 + r
2
)2 + 1(
A22 + r
2
)2
)(
χ(
B21 + r
2
)2 + 1(
B22 + r
2
)2
)
+
(
4r2
(
χ(
A21 + r
2
)3 + 1(
A22 + r
2
)3
)
− 3χ(
A21 + r
2
)2 − 3(
A22 + r
2
)2
)(
χ
B21 + r
2
+
1
B22 + r
2
)]
(67)
with A1 = 2Lm1 +x+x
′, A2 = 2Lm1 +x−x′, B1 = 2Lm2 +x+x′ and B2 = 2Lm2−x+x′.
The first two terms of (65) are due to the leading term of Green’s function (G0 − G¯0).
After the sum, they yield
j1 =
Bx
(
3χ csc2
(
pix
L
)
+ 1
)
24L2
. (68)
Let us go on to consider the integral of g1. Performing the r integral , we get∫ L
0
dx′
∫ ∞
0
drg1 =
∞∑
m=−∞
∫ L
0
dx′
x′ + Lm
24pi2|x′ + Lm− x|3 , (69)
where | | denotes the absolute value. Thus one needs to discuss the cases m ≥ 1, m ≤ −1
and m = 0, respectively. After some calculations, we derive the current for m 6= 0
j2 = −
B
(
L2 − 4Lx+ 2x2)
48pi2x(L− x)2 . (70)
As for the case m = 0, the integral (69) is divergent. However, the divergence can be canceled
by the integral of g2 with m1 = m2 = 0. Combining together the integrals of g1 with m = 0
and g2 with m1 = m2 = 0, we get a finite current
j3 = −
B
(
L3(6χ+ 1) + 8L2χx− 2Lχx2 − 4χx3)
48pi2Lx(L+ x)2
. (71)
Now let us turn to the most complicated parts, the contributions from g2 (67). After the
radial integration, we have∫ ∞
0
drg2 =
−x′
3pi2
∞∑
m1,m2=−∞
(
1
(|A1|+ |B1|)3 +
1
(|A2|+ |B2|)3 +
χ
(|A1|+ |B2|)3 +
χ
(|A2|+ |B1|)3
)
(72)
One should discuss cases m1 ≥ 1,m1 ≤ −1,m1 = 0 and m2 ≥ 1,m2 ≤ −1,m2 = 0, respec-
tively. We have already considered the case m1 = m2 = 0 in (71). The other eight cases
contribute a current
j4 = −
B
(
3piLx
(
L2 − x2)2 cot (pixL )+ pi2Lx5 + pi2x6)
72 (pi2L2x(L− x)2(L+ x)2)
12
−B
(−3L6 + (6 + pi2)L5x+ (6 + pi2)L4x2 − 2pi2L3x3 − (3 + 2pi2)L2x4)
72 (pi2L2x(L− x)2(L+ x)2)
+
Bχ
(
L
(
L(3L− 2x)− pi2x(L+ x) csc2 (pixL ))− pix cot (pixL ) (L2 − pi2x(L− x) csc2 (pixL )))
24pi2L3x
.
(73)
In the above derivations, we first do the x′ integral and then the sums for m1 and m2.
Fortunately, the sum takes a special form
∑∞
m1,m2=1
f(m1 +m2), which can be transformed
into only one sum
∑∞
m=2(m− 1)f(m) . From (68,70,71,73), we finally obtain the anomalous
current for complex scalars in a strip
Jy1 = B
3 cot
(
pix
L
) (
L2(χ+ 1) + pi2χx(x− L) csc2 (pixL ))+ piL(L− 2x) (3χ csc2 (pixL )+ 1)
72piL3
+O(B2) (74)
Note that we have Jy1 = −Jy1 = −(j1 + j2 + j3 + j4) and the other components of currents
vanish. Since the magnetic field is a constant in the strip, the current is expected to be
antisymmetric, i.e., Jy1(x) = −Jy1(L− x). This is indeed the case of (74), which is a strong
support of our results. Besides, the above currents have the correct limit (44) near the
boundary
Jy1 ∼
{
B
24pi2x
, xL → 0
B
24pi2(x−L) ,
L−x
L → 0,
(75)
for both DBC χ = −1 and NBC χ = 1. This is also a test of our calculations. For the
convenience of readers, let us draw a figure for the anomalous current in a strip. Without
loss of generality, we set B = L = 1. As showed in figure 1, the current of NBC is larger than
the one of DBC.
It is straightforward to generalize the above discussions to higher dimensions. Unfortu-
nately, we do not find a general formula. Instead, we calculate them case by case. Please see
below for some examples
Jy15d =
−B
1024pi2L4x4
[
6L4χ(L− x)(L+ 3x)− 24Lx4ζ(3)(L− 2x) + 2pi2x4 (Lx− 2pi2χx2) csc2 (pix
L
)
+2pi2x4 csc2
(pix
L
)(
L2
(
2pi2χ+ χ− 2)+ 3pi2χ (x2 − L2) csc2 (pix
L
)
+ 2piL(χ+ 1)x cot
(pix
L
))
+x4
(
2L(L(χ+ 4)− x)ψ(1)
(
1− x
L
)
− 2L(3Lχ+ x)ψ(1)
(x
L
)
+ 2L(3Lχ− 5χx+ x)ψ(2)
(x
L
))
+x4
(
χ(L− x)2ψ(3)
(
1− x
L
)
+ χ(L+ 3x)(L− x)ψ(3)
(
L+ x
L
)
+ 2L(3Lχ− 7χx− x)ψ(2)
(
1− x
L
))]
,
(76)
Jy16d =
−B
28800pi3L5x4
[
360L5χ(L− x)− 8pi4Lx4(L− 2x)
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Figure 1: Anomalous current for scalars in a strip for DBC (blue line) and NBC (yellow line)
in four dimensions.
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Figure 2: The left (right) figure denotes 5d (6d) anomalous current for complex scalars in a
strip. Blue line is for DBC and yellow line is for NBC.
+30pi3Lx4 csc2
(pix
L
)(
(3L− x) cot
(pix
L
)
− 4piχ(L− 2x)
(
3 csc2
(pix
L
)
− 2
))
+15Lx4(−2Lχ− 5L+ x)ψ(2)
(
1− x
L
)
+ 15Lx4(L(2χ+ 5)− x)ψ(2)
(x
L
)
+15χx5(L− x)
(
ψ(4)
(
1− x
L
)
− ψ(4)
(
L+ x
L
))]
, (77)
where ψ denotes the PolyGamma function. It is interesting that DBC χ = −1 and NBC
χ = 1 yield different directions of currents in dimensions higher than four. See Figure 2 for
example.
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4.2 Dirac field
In this subsection, let us investigate the anomalous current of Dirac field in a strip. For
simplicity, we mainly focus on four dimensions. By applying the key formula (31), we get
Green’s function for Dirac field
S(x′, x′′) = S0(x′, x′′)−B
∫ L
0
dx
∫ ∞
−∞
dtdyd−2S0(x′, x)γ2xS0(x, x′′) +O(B2), (78)
where
S0(x
′, x′′) =
∞∑
m=−∞
(d− 2)Γ (d−22 )
4pi
d
2
(γ0(t′ − t′′)− γ1(2mL+ x′ − x′′)− γa(y′a − y′′a)
[(2mL+ x′ − x′′)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d
2
+χ.
γ0(t′ − t′′)− γ1(−2mL− x′ − x′′)− γa(y′a − y′′a)
[(2mL+ x′ + x′′)2 + (y′a − y′′a)2 − (t′ − t′′)2]
d
2
)
(79)
Substituting (78,79, 56) into (52), we get the renormalized current
Jy1 = B
∫ L
0
dx′
∫ ∞
0
dr (h1 + h2) +O(B
2), (80)
where
h1 = −
∞∑
m=−∞
4r2 (Lm+ x′)
(
3 (Lm+ x′ − x)2 + r2
)
3pi3
(
(Lm+ x′ − x)2 + r2
)4 , (81)
h2 =
∞∑
m1,m2=−∞
4r2x′
3pi3
(
3A1B1 + r
2(
A21 + r
2
)
2
(
B21 + r
2
)
2
+
r2 − 3A2B2(
A22 + r
2
)
2
(
B22 + r
2
)
2
)
(82)
Recall thatA1 = 2Lm1+x+x
′, A2 = 2Lm1+x−x′, B1 = 2Lm2+x+x′ andB2 = 2Lm2−x+x′.
Following the approaches of sect. 3.1, we can derive the current. Since the calculations are
similar to those of sect. 3.1, we do not repeat them here. We obtain
Jµ = δµy1
B
(
6L cot
(
pix
L
)− piL+ 2pix)
36piL2
+O(B2), (83)
which obeys the relation Jy1(x) = −Jy1(L−x) and reduces to the current (59) in a half space
in the near-boundary limit
Jy1 ∼
{
B
6pi2x
, xL → 0
B
6pi2(x−L) ,
L−x
L → 0.
(84)
Similar to the case in a half space, the current (83) in a strip is independent of BCs (49) too.
To compare with the currents of scalars, let us draw a figure. From Figure 3, we notice that
the current of Dirac field is always larger than those of scalars.
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Figure 3: Current in a strip for Dirac field (green line) and scalars (blue line for DBC and
yellow line for NBC) in four dimensions.
The generalizations to higher dimensions are straightforward. Following the above ap-
proach, we get anomalous currents for Dirac fields
Jy15d =
3
128pi2
(
−2ζ(3)(L− 2x)− Lψ(1) (2− xL)+ Lψ(1) ( xL)
L3
− 1
(L− x)2
)
B +O(B2), (85)
in five dimensions and
Jy16d =
30L cot
(
pix
L
)
csc2
(
pix
L
)− piL+ 2pix
900L4
B +O(B2). (86)
in six dimensions. Similar to the 4d case, currents of Dirac fields are independent of BCs
(49) in higher dimensions. Besides, near the boundary, the currents become larger as the
dimensions increase. See Figure 4 for example.
In summary, we have obtained the anomalous currents for complex scalars and Dirac
fields in a strip. Our results are exact in the size of strip L. In other words, we have got the
anomalous currents beyond the near-boundary regions of [17,18].
5 Non-perturbative results
In previous sections, we focus on the anomalous current at the linear order of O(B). In this
section, we try to derive the current exactly in the magnetic field B. For simplicity, we focus
on the complex scalar in a half space with a constant magnetic field Aµ = (0, 0, Bx, 0, ..., 0).
We get a formal expression of currents which can be evaluated numerically.
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Figure 4: Anomalous currents of Dirac fields in a strip in 4,5,6 dimensions.
Recall that Green’s function obeys EOM
[DµDµ +m
2]G(x, x′) = δ(d)(x, x′), (87)
where m is the mass. Performing Fourier transform for the tangential coordinates,
G =
∫ dkd−1‖
(2pi)d−1
G˜(k)e−ik‖.∆x‖ (88)
we can rewrite (87) as
[−∂2x + (m2 + k2‖)− 2Bxk1 +B2x2]G˜ = δ(x− x′). (89)
Here k1 = ky1 , k‖.∆x‖ = k0(t− t′)− ka(ya− y′a) and k2‖ = k2a− k20. We split Green’s function
G˜ into the one in free space and a correction due to the boundary
G˜ = Gfree +Gbdy, (90)
where Gfree is given by [60,62]
Gfree =

√
1
4piBΓ(λk)D−λk
(√
2
(
x¯− k¯1
))
D−λk
(√
2
(
k¯1 − x¯′
))
, x > x′,√
1
4piBΓ(λk)D−λk
(√
2
(
k¯1 − x¯
))
D−λk
(√
2
(
x¯′ − k¯1
))
, x < x′.
(91)
Here D denotes the parabolic cylinder function, λk = (B+m
2 + k2‖ − k21)/(2B), k¯1 = k1/
√
B
and x¯ =
√
Bx. Note that our convention of Fourier transform (88) is different from that
of [60]. As a result, Gfree (91) differs by a factor 2pi from the one of [60]. Imposing BCs (8,
9), we solve the corrections to Green’s function
Gbdy =
−Γ (λk)D−λk
(√
2k¯1
)
2pi1/2
√
BD−λk
(−√2k¯1)D−λk
(√
2
(
x¯− k¯1
))
D−λk
(√
2
(
x¯′ − k¯1
))
(92)
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Figure 5: The left figure is for 2d current of DBC and the right figure is for 2d current of
NBC. Blue line denotes zero mass m=0 and yellow line denotes finite mass m=1.
for DBC and
Gbdy =
Γ (λk)
(√
2D1−λk
(√
2k¯1
)− k¯1D−λk (√2k¯1))
2pi1/2
√
B
(√
2D1−λk
(−√2k¯1)+ k¯1D−λk (−√2k¯1))D−λk
(√
2
(
x¯− k¯1
))
D−λk
(√
2
(
x¯′ − k¯1
))
(93)
for NBC. (92) for DBC agrees with [60] and (93) for NBC is a new result.
Now we are ready to derive the anomalous current. Substituting (88,92,93) into (34) and
performing the Wick rotation k0 → ikE [64], we get the renormalized current
Jy1 =
∫ ∞
−∞
dpd−2dk1
(
x¯− k¯1
)
Γ (λp)D−λp
(√
2k¯1
)
2d−1pid−
1
2D−λp
(−√2k¯1) D−λp
(√
2
(
x¯− k¯1
))
2 (94)
for DBC and
Jy1 = −
∫ ∞
−∞
dpd−2dk1
(x¯− k¯1)Γ (λp)
(√
2D1−λp
(√
2k¯1
)− k¯1D−λp (√2k¯1))
2d−1pid−
1
2
(√
2D1−λp
(−√2k¯1)+ k¯1D−λp (−√2k¯1))
×D−λp
(√
2
(
x¯− k¯1
))
2 (95)
for NBC. Recall that Jy1 = −Jy1 , λp = (B +m2 + p2)/(2B), k¯1 = k1/
√
B and x¯ =
√
Bx. In
principle, the formal expressions (94,95) can be evaluated numerically. Let us take d = 2 as
an example, where the p integral disappears, which can simplify calculations greatly. Note
that, for d = 2, B of (94,95) should be understood as the electric field, and Jy1 should be
understood as the charge density. The results are shown in Figure 5, which implies that the
mass suppresses the current and the current approaches zero far aways from the boundary.
These are the expected behaviors. Note that the numerical integration does not work well
near the boundary x ∼ 0. In the near-boundary region, we can obtain the anomalous current
by using methods of sect. 3.1. See (45)(47) for example.
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6 Conclusions and Discussions
In this paper, we have investigated the anomalous current for free theories in the spacetime
with boundaries. In a half space, we get the anomalous current at the linear order of magnetic
fields in general dimensions. The currents of scalars agree with those in the literature. And
the currents for Dirac field are new. Our results work well in the region close to the boundary,
i.e., Bx2 < 1. We also obtain the anomalous currents in a strip. The currents are of the linear
order of magnetic field B and exact in the size of strip L. This means that our results apply
to the full region of a strip, as long as the magnetic field is small BL2 < 1. It is remarkable
that, unlike the scalar and holographic BCFT, the anomalous currents of free Dirac fields
are independent of boundary conditions in general dimensions. It should be mentioned that,
although we focus on the constant magnetic field in this paper, our approaches apply to
arbitrary electromagnetic fields as well. Finally, we derive a formal expression of anomalous
current for complex scalars in a half space. The numerical results imply that the mass
suppresses the anomalous currents. In this paper, we mainly focus on dimensions higher than
three. It is interesting to study carefully the cases in two and three dimensions. Besides, it
is also interesting to study the effect of temperature and the anomalous current with other
shapes of boundaries such as cylinders and balls. We hope we could address these problem
in future.
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